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BOJHBI JIABA B CJIOUCTBIX AHU30TPOITHBIX CPEJAX

Jnst onicanusi BOJIH JIsiBa B CIIOUCTBIX aHU30TPOINHBIX (MOHOKIIMHHBIX) Cpefax
npeparaeTcss MOAU(UIMPOBAHHBI METO/] IePENaTOYHbIX MaTpull. B 3aMKHyTOM
BUJIE TIOJIY4YEHbI AUCIEPCUOHHbBIE COOTHOIIIEHUS I CPEfl, COCTOSIIUX U3 OHOTO U
IBYX aHW3OTPOIHBIX YIPYIUX CIOEB, KOHTAKTUPYIOINX C aHN30TPOIHBLIM ITONY-
TIPOCTPAHCTBOM. AHATM3UPYIOTCS YCIIOBUS cymiecTBoBaHms BoiH JIsiBa. Mccneny-
FOTCSl BOJIHbI C TOPU30HTAJIBHON MONEPEYHON MONSIpU3anueii HEKAHOHUYECKOTO
THIIA.

1. Beepenne. Boanwt JIasa 6 u3omponHom caoe, KOHMAKMUPYIOUEeM ¢ U30MPONHbIM NO-
aynpocmparncmeom. Hapsny ¢ BonmHamu Penest, Bonssl JIsBa [1] urparot BaskHyIO poiib B Iie-
penaye ceiCMUYECKOI HEPTMM M BECbMA YacTO PETMCTPUPYIOTCS IIPU CEMCMUYECKON aKTUB-
HOCTH ¥ B3pbIBax. [lone mepemMelieHnii, COOTBETCTRYIOIIEee BOIHE JIsBa, MOXKET OBITh Ipef-
CTaBJICHO B BUJIE

U (x) = m(Cpe "+ Cue e My (x) = m(Cee e e (1.1)

e u; — MePEeMEIICHNs B CIIOe, U, — IEPEMEIIEHHS B TOYIPOCTPAHCTBE, M — EANHIYHAS aMII-
auTyna (BekTop nossipuzauun). IIpeanonaraeTcsi, YTO BEKTOP M OPTOrOHANIEH K CaruTTalb-
HOI INTOCKOCTH (OHA OIIPEJENeTCs] BEKTOPOM N, 33a1al0IIUM HAIPaBJIEHUE PACIPOCTPaHEHUS
BOJIHOBOTO (PpPOHTA, U €UHUYHBIM BEKTOPOM V, HOPMaJIbHBIM K CBOOOAHON MOBEPXHOCTH);
X =V - X — KOOpAHATA BIOJIb BEKTOpA V, B JAIGHEHIIEM CUATAETCS, YTO X IPUHAMAET OTPH-
[aTeIbHbIE 3HAYCHNS B TIOIYIIPOCTPAHCTBE, [ — BOJIHOBOE YHCIIO, C — (ha3oBasi CKOPOCTb, t —
BpeMsl; HeW3BeCTHbIE (KOMIUIEKCHbIE) KoadduumenTsl C, onpenessiroTcss ¢ TOYHOCTBIO 70
MHOXKUTEJIS U3 TPAHUYHBIX YCJIOBUI HAa BHEILIHEN IUIOCKO I'PAHULIE

X =2ht,=v[I,-0u; =0 (1.2)
N KOHTAaKTHBIX YCJIOBI/II71 Ha MOBEPXHOCTHU pa3jicjia
X=0v[IC,-0Owu, = vI>E,--0Ou, U =U (1.3)

ITapameTpsl Y, Y, COOTBETCTBYIOT KOMILIEKCHBIM KOPHSIM ypaBHeHHs Kpucroddens (oo
OyneT BBeneHo nosxe), C;, C, — 9eThIpexBalleHTHbIE TEH30PbI YIIPYTOCTH CIIOST M HOIYIIPOCT-
PaHCTBa COOTBETCTBEHHO, 2N — TOIMIIIHA CITOSI.

3ameuanue 1.1. B coorBeTcTBUM C npefcTapieHueM (1.1) 3aTyxanue no rayOuHe B MOJTY-
MpOoCTpaHCTBe obecneunBaeTcs napametpom Kpucrodders Y, ¢ orpunaTeIsHOI MHUMON Ya-
CTBIO.

Crenyroliee yrBepxkaeHue (haKTHIECKN TPUHANIEXKUT JIsBY.

Ipedaoxncerue 1.1.A. TIOBepXHOCTHBIE BOJHBI C TIOTIEPEYHON TOPH3OHTAIBHON MOJISIPA3AIIH-
el MOTYT BO3HHKAaTh B H30TPOITHOM CJIO€ W KOHTAKTHPYIOIIUM C HIM H30TPOITHOM HOJIyIIPOCT-
PaHCTBE B TOM U TOJIBKO TOM CJIydae, Korja ¢pa3oBasi CKOPOCTb YAOBIETBOPSIET YCIIOBUIO

CI<C<CZ; CI = JU/p k=12 (1.4)

T
rfe C, — CKOPOCTH HONEpevHbIX 00beMHBIX BouH crnoe (K = 1) u nonynpocrpancrse (K = 2),
My — COOTBETCTBYIOIIUE NOCTOsIHHBIE JlaMe, Py — INIOTHOCTH.
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b. JucnepcroHHOE COOTHOMIEHHE MEXAY (pa30BOM CKOPOCTBIO C W YAaCTOTOW () MOXET
OBITH IPE/ICTABIICHO B BAIE

0 1- 0 c?
w = ;[arctg%—z %+nrﬂ, n=012..; g = pk—, k=12(.5)
2h, /g, —-10 [MaNG1— 0 Mk

Caeocmeue 1.1.A. T1pu (puKCUpOBaHHOM YacTOTE () CYIIECTBYET KOHEUYHOE YUCIIO BOIH JIs1-

T T
Ba, PaCIpOCTPaHSIOLINXCS C pa3IMYHbIMU (ha30BbIME cKopocTamu C L (Cq , Cy ).

" , T T
b. ITpu dukcuposanHoii hazosoil ckopoctu € U (C; , C, ) CyliecTByeT OECKOHEUHOE YUCTIO
BOJH JIsBa ¢ pa3IMYHBIME YaCTOTAMH (.

T T
Caeocmeue 1.2. He cymectByer BoJH JIsBa, ecu C; > C, .

Boanbt Jlasa 6 aHu3omponHom caoe, KOHMAaKmupyrouem ¢ aHU30mMpOonHbIM NOAYNPOCHL-
pancmeom. Bp10 noka3zaHo [2], yTo BonHBbI JIsiBa MOTYT pacnpoCTpaHsIThCS KakK B M30TPOII-
HOW cpefie, TaK U B CUCTEME, COCTOSILEN U3 AHU3OTPOIHOIO CJI0S1 M KOHTAKTUPYIOLIETO C HUM
AHU3O0TPOIHOTO MOJIYIPOCTPAHCTBA, IPH 3TOM MPEAINONaranoch, 4YTO CIOW U NOJIYyNPOCTPaH-
CTBO UMEIOT OCh YIIPYroil CAMMETPUY YETBEPTOrO WM IIECTOrO NOPSAAKA, OPUEHTUPOBAHHYIO
BJOJIb BEKTOPA NOJsIpu3auyy m. 17151 TaKO# CUCTEMBI YCIIOBUSI PACIIPOCTPAHEHUS U AUCIIEPCU-
OHHbIE COOTHOIIICHUS AHAJIOTUYHBI U30TPOIHOMY ciay4aro. Ha ocHoBe pa3BuToro nopxona [2]
ObLIN MONYYEHb! [3] AuCTIepCHOHHBIE COOTHOIIEHHS ISl TPAaHCBEPCAIIBHO U30TPOIMHOTO CIOs
1 KOHTAKTHPYIOIIETO C HUM TPAHCBEPCAJIbHO N30TPOIHOTO MONYIIPOCTPAHCTBA.

Boanwbi JIasa 6 mrozocaotinbix cpedax. [I7s CIOUCTBIX CPell, COCTOSIIINX U3 ABYX U OOJIbIIIe-
IO YHUCIIA CJIOEB, KOHTAKTUPYIOUUX C MOJYIPOCTPAHCTBOM, HE CYLIECTBYET AHAIUTHYECKUX
pellIeHu, aHaIOTUYHbIX PELIEHUIO [1JIs1 OGHOCIOMHON cpefibl. [lucnepcuoHHble COOTHOLIEHUS
[J14 BOJHBI JISIBa B CJIOMCTHIX cpefiaXx MOTYT OBITh NMOJIYYEHbI YHCIEHHO C IPUMEHEHUEM JIBYX
MaTpPUYHBIX METOJIOB, TIEPBOHAYANILHO NPEJJIOKEHHBIX I aHaIu3a BoJH JIamb6a. 3tu nopxo-
IbI U3BECTHBI KaK METOJ nepenaToyHbix Matpul, (MIIM) (MHOrga ero Ha3bIBalOT METOOM
Tomcona — Xackemra, Mo UMeHH pa3paboTInKoB [4, 5]) W MeTOx TI00aTHLHON MATPHIIBI
(MI'M) [6, 7]. MIIM ocHOBaH Ha TIOCIIEIOBATEIIEHOM PEIICHNN KOHTAKTHBIX TPAHIIHBIX 3a-
[ad Ha NOBEPXHOCTSX pa3fiesia U HIOCTPOESHUU COOTBETCTBYIOIIMX NEPENATOUYHBIX MaTpuLl. Hu-
K€ 3TOT MeTOfl 6yAeT o6cyKaaThcs 6oiee moppobHo. MI'M ocHOBaH Ha pelieHnd OOBIKHO-
BEHHbIX A epeHraIbHbIX YPaBHEHUI C KYCOYHO-OJHOPOHBIMU KO3 puiieHTaMul, pu-
BOJIAILEM B UTOT€ K MOCTPOSHUIO CHEIMAIIBHOMN “TI00aIbHON MaTPUIbI.

C moMeHnTa nosieinenuss MI'M CYUTAJIOCH, YTO IIPU YUCIIEHHBIX pe€ain3alusaX OH IIPUBOJUT K (‘II/ICJICH-
HO) Gonee ycTonumBbIM perieHusM, yeM MIIM. B panpHeiinem npepnaraauch pasHooOpa3Hble MOJH-
¢uxkanyu MIIM u MI'M c nensto cpenaTh UxX 0ojee YUCIEHHO ycTOHuuBbIMY, cM. [8—14]. IIpoGaema
YHUCJIEHHON YCTOMYMBOCTU CTAHOBUTCS. OCOOCHHO aKTyaJIbHOM, IPK OOJIBIIOM YUcie caoeB. B atom ciy-
Yae HauMHAIOT CKa3bIBaThcs npenmyinectsa MIIM, nockosbKy HOPSIOK COOTBETCTBYIOUIMX MAaTPUL], OC-
TaeTCsl HEM3MEHHBIM TPH M3MEHEHNH Yrcna cioeB (B ciaydyae MI'M MOPSIOK COOTBETCTBYIOLIEN MaTpH-
bl JINHEHHO PACTET C YHUCIIOM CIIOCB).

Hwxe pasuBaercs Mogudunuposanabiii MIIM, ocHOBaHHBIN Ha MCNOJNIb30BAHUM TUIEP-
Gonnyecknx (PyHKIUI B NMpEACTaBIEHUU Il MapUMaIbHbIX BOJH M MpPEAHAa3HAYEHHbIA Kak
IJISl QaHAJIMTUYECKOTO MCCIIeJOBAaHUS BOJIH JIsiBa B aHU3OTPOIHBIX Cpefax ¢ YUCIOM CIOEB OT
OJIHOTO JIO TPEX, TaK U [JII YUCIECHHOI'O aHAJIu3a CUCTEM, COepKalUX OOJIbLIOE YHCIO CIOEB.
anee OypmeT nmokasaHo, 4yTo npepacrasieHue (1.1) oka3biBaeTCcs HEBEPHBIM, €CIIM B YPAaBHEHUU
Kpucroddenst nosBisirorcsi KpaTHbIe KOPHH (3IeCh OOHAPYKUBAETCS aHAJIOTHS C BOJIHAME
Penes u JIamba, cTpykTypa KOTOPBIX MEHSETCS NMPH MOSIBJICHUU KPAaTHBIX KOpHEH, cM. [15—
17]). Beproe npepicTaBneHnue st BoiH JIsiBa 1 cooTBeTcTBYIOIas Mogudukanysa MITIM naHbl
Hixe. Kpome Toro, MIIM 6yaeT ncronb30BaThCA 711 MONTyYEHUS pa3pelIaroliiX YpaBHEHAN
JJISI BOJIH C IOTIEPEYHON TOPU3OHTANBHON NMONSpU3alueil, pacpOCTPaHSIOIINXCS B CJIOUCTBIX
IJIACTUHAX CO CBOOOHBIMHU U 3aILEMIICHHBIMU TPAHUYHBIMU IOBEPXHOCTSIMHU.
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2. OcnosHble cooTHomenusi. Huxe Kak clion, Tak U HOITYyIIPOCTPAHCTBO CUUTAIOTCSI O{HO-
PORHBIMHU U IMHEHHO TUNEPYNPYTUMHA. Y paBHEHUS IBIDKEHUS [JIsl YIIPYToit OHOPOHON aHHU-
30TPOIHOM Cpefibl MOTYT OBbITh IIPEJCTaBIIEHbI B BUJIE

A(0,,0)u=div,C - Ou—-pl =0 2.1

roe ‘{eTpreXBaHeHTHLIﬁ TEH30p yIpyrocrtu C npeanojiaracTcess MoJOXKUTEIIBHO ONPENCICH-
HBbIM:

A 2.2)

3ameuanue 2.1.A. Ilpennonaraercs, 4To Bce paccMaTpUBaeMble Cpefibl UMEIOT MIOCKOCTH
VIIPYrofl CAMMETPUH, COBIAJIAIOIINE C CATUTTAIBHON IIIOCKOCTEHIO M * X = (. DTO 5KBUBAJICHT-
HO HAJIM4UIO Y TEH30pa YIPYrocTH MOHOKIIMHHON FPYIIBLI CAMMeTpui. MoKHO noka3ats [18],
YTO TNOCJIEIHEE BJIEYET PABEHCTBO HYJNIO BCEX Pa3IOXKMMBIX KOMIIOHEHT TE€H30pa yIPYroCTH
(pa3IOKUMBIMH Ha3bIBAIOT KOMIIOHEHTHI, IPEAICTABAMbIE B BHJIE TEH30PHOTO MPON3BEICHNUS
BEKTOPOB W3 R, Yy KOTOPBIX BEKTOP M TOSBIISIETCS HEUSTHOE YHCIIO pa3 (B OPTOTOHAILHOM
Gasuce B R, 06pa30BaHHOM BEKTOPOM M ¥ TIOOBIMH OPTOTOHAJIBHBIMHI BEKTOPAaMU, IPUHAN-
JIEKAIIMA CaTUTTATHLHON TNTIOCKOCTH). B ciiydae MOHOKJIIMHHOW CHMMETPHH TEH30p YIIPYyroc-
TH COfIEpKUT 13 He3aBUCUMBIX Pa3I0KUMBIX KOMIIOHEHT.

b. B panpHefimeM OyAeT MOKa3aHO, YTO MOHOKJIMHHAS CHMMETPHS 00eCIieynBaeT JOCTa-
TOYHOE YCJIOBHE KOJUIMHEAPHOCTH BEKTOPa M MOBEPXHOCTHBIX YCHIIAI HA JIFOO0U TUIOCKOCTH
Vv - X = const.

Crnenys ommcanHOMYy paHee meTony [15, 16], paccmorpum Gonee obmee, yem (1.1), mpep-
CcTaBJICHUE JJIs BOHBI JIsiBa

ir(nx-—ct)

u(x)=mf(irx)e (2.3)

rae X =V - X, TaK ke Kak ¥ B npefcraBiernu (1.1); f — Hen3BecTHas ckansipHas (PyHKIHS; IKC-
MOHEHIMAIbHBI MHOKUTEJb B IIPABON YacTH paBeHCTBa (2.3) COOTBETCTBYET pacnpocTpaHe-
HUIO BOJIHOBOTO (ppOHTa B HAIpaBlIeHHU N C (pa30BOIl CKOPOCTBIO C; I' — BOJIHOBOE YHCIIO.
ITopcraBnss Belpaxkenue (2.3) B ypaBHeHUe (2.1) 1 nprHIMas BO BHUMaHUe 3aMevaHne 2.1.A,
nosyyaeM auddepeHuaIbHOe YpaBHEHNE, XapaKTePUCTHUECKOE YpaBHEHHE JJIsi KOTOPOTO,
M3BECTHOE Kak ypaBHeHne Kpucroddens, nmeer Bup

(MOv~C -0 my+

2.4
+(mOv-C-id m+mdn-C -] my+(mOn-C-riJ mp c2):0

JleBast yacTh ypaBHeHus (2.4) — IONMHOM BTOPOTO NMOPsAfIKa OTHOCUTENBLHO napaMeTpa Kpuc-
Toddens Y. Takum obpa3zoM, I UCCIEAyeMOil YIIPyroil CHMMETpHIH BoiHa JIsBa B cioe Mo-
3KET COCTOSITh TOJIBKO U3 JIBYX MapIabHbIX BOIH.

3. IlepemeneHusi 1 NOBEPXHOCTHBIE YCHIINS B MOJIyNPOCTPaHcTBe. B nanbHedeM npepmo-
JlaraeTcsi, YTO CIIOMCTasi Cpefia COCTOUT M3 N CI0eB, KOHTAKTUPYIOUIHNX, €CITH HE OrOBOPEHO
HHOE, C HOJIYIPOCTPAHCTBOM, HIDKHUI HHAEKC N + 1 OyJeT OTHOCUTHCS K MONIYIIPOCTPAHCTBY.
ITockonbky nosie nepeMelleHuil B MOIyIPOCTPAHCTBE JOJIXKHO 3aTyXaTb C INIyOMHOM, COOT-
BETCTBYIOIIMI KOpeHb ypaBHeHUs] Kpucroddens momkeH ObITh KOMIIEKCHBIM C OTpHIA-
TEJILHOI MHMMOM YacThIO, CM. 3aMedanue 1.1.

[Ipenmnoxenne 3.1. 3aTyxaHue 1Mo rIyOMHE B MOHOKIIMHHOM TIOJIYIIPOCTPAHCTBE BO3MOSKHO
B TOM H TOJIBKO TOM CIIy4ae, eclii ¢pa30Bast CKOPOCTB C JIEKUT B CIAEAYIOIIEM JUana3oHe:

— 12
CD(Oa[pn]-i-l(En+l_F§+l/Gn+1)] ) (3~1)
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E.,i=mUOn-C,,;,-n0m, F,,;=m-sym(n-C,, , -v) -m,
G,,i=mUOv-C,,;~vm

CoortsercrBytomnmii napametp Kpucroddens

. 1/2
Yoe1 = =Fne1/Gna1—i((Ens1=Pns1€)/Gpa1— (Fni1/Grar)?) 3.2)

AMEeT OTPUATEINbHYIO MHIMYIO YacTb.

Loxazameavcmeo. HenocpencTBeHHbIl aHann3 KopHeil ypaBHeHHs Kpucroddoens (2.4)
MOKAa3bIBAET, YTO OHM KOMIUIEKCHBI IPU OTPULIATEILHOM AUCKPUMUHAHTE, YTO AET BEPXHIOIO
rpanuny auana3oHa (3.1). [To1oXXuTeabHOCTh TOKOPEHHOTO BhIpaskeHus B (3.1) BbITEKAET U3
aHam3a KBaipaTHYHOTO TIOJIMHOMA

P(x)=m O (xv +n) --Cn+1--(n+xv)Dm (3.3)

OH NOJOXNTENEH IPH JTFOOBIX NEHCTBUTENBHBIX X, TOCKOIIBKY TEH30p YHIPYTOCTH HMOJIOXKH-
TenbHO onpepesneH. HecymecTBoBanue AefCTBUTEIBHBIX KOPHEN 3TOTO MOJIMHOMA 3aBeplla-
eT J0Ka3aTeNbCTBO, MOCKOJIBKY AUCKPUMHUHAHT 3TOTO MOJIMHOMA COBIMAAET (C TOYHOCTHIO IO
MHOXHUTENA —(P,, .. 1)‘1'2) ¢ BepxHell rpanutieii auanas3ona (3.1). OcraeTcs 3aMeTHTb, YTO BhIpa-
>keHue (3.2) mony4eHo u3 peuieHus ypasHeHus Kpucrogdens.

Caeocmeue 3.1. IlapameTp Y, ; He MOXeT ObITb KPaTHBIM KOpHEM ypaBHeHHs Kpucrod-
denst.

loxazameavcmeo BBITEKAET U3 YCIOBUS HEPABEHCTBA HYJIO JUCKPUMUHAHTA YpaBHEHUS
(3.2), uTO HEOOXOANMO IS 3aTYXaHUs pELIEeHNs IO TIIyOuHe.

Caeocmsue 3.2. Eciin paccMaTpruBaeMblil MaTepral 00IafjaeT ele OHOM INIOCKOCTRIO YII-
pyroil cuMMETpuUM, HOpMajb K KOTOPOH COBIIAaeT ¢ BEKTOPOM N UJIH V (TaKO MaTepuas He-
00XOIUMO OPTOTPOIEH), TO AONYCTUMbII CKOPOCTHO! AMANa30H NMEET BUJ

cO(0,cl,,) 34

T o o o
rae Cn +1 — CKOPOCTb IIONIEPEIHOU 00 BEMHOI BOJIHBI, paCIpOCTPAaHATIOIICUCA B HAIIPpABJICHUA

BEKTOpa N W MOJSIPU30BAaHHON B HAllpaBlIEHHM BEKTOpa M. [l paccMaTpUBacMOro Ciydas
napameTp Kpucroddens uncTo MEUMBIN:

. 172
Yn+1 = _l((En+1_pn+1CZ)/Gn+1) (3.5)

Hokaszameavcmeo. [17151 Takoro MaTepuana BenuunHa F,, | B BeIpaskeHnu (3.2) cTaHOBUTCA
PaBHOII HYITIO, TIOCKOJIBKY BEKTOPBI N M V BXOAST B Hee HeUETHOE YnCio pas. Janee gocraTod-

HO 3aMeTHTb, 4TO npu F,,, | = 0 mogkopeHHoe BblpaxeHue B (3.1) coBnafgaeT ¢ BbIpaxKECHUEM
T
s Cp . 1. OcraBmasicst 9acTh TOKa3aTeIbCTBA BLITEKAET M3 aHANW3a ypaBHEeHHsT Kpucrod-

dens.
IIpencraBnenue (1.1) piig NOAYMpOCTpaHCTBA JAET CIAEAYIOLIEE MOJI€ IOBEPXHOCTHBIX YCH-
JIWii Ha TIIOCKOCTH V - X = (:

. ir(n k—ct
tn+1(X)‘vD<=0 = IrC2n+1(yn+1an+1+bn+1)e ( )

A, = VEC,,~-vOm, by =vIC,,;-n0Om

(3.6)

IIpeoaoncenue 3.2. IToBepxHOCTHBIE Yermims (3.6) KOJUIMHEapHBI BEKTOPY M.
Hokasameabcmeo BbITEKAET U3 NPEAIIOIOKEHHON IIPUHANITIEXKHOCTU BCEX MAaTEPUAJIOB MO-

o L
HOKJIMHHOM cucTeMe (OHa UMEET IPYIIy CUMMETPHH, IIOPOXKAAaeMyto BpalieHussMu R, ), uto
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obecreunBaeT YeTHOE MOSIBIICHIE BEKTOPa M B Pa3lIOXKMMBIX KOMIIOHeHTax Tenzopa C,,, | B
6asuce, 00pa30BaHHOM BEKTOpaMy m, V, n.

4. Ilepemelnennsi ¥ NMOBEPXHOCTHBbIE YCIIIHS B CJI0sAX. B oTOM pasjesne HIDKHMI HHAEKC
k(1 <k £ n) oTHOCHTCSI K COOTBETCTBYIOIIEMY CIIOO.

Ilpocmuie (Hekpamubie) kopHu. 171 IPOCTHIX KOpHEH ypaBHeHUst KprcToddens u opTo-
TPOMHOT'O MaTepHaa C TNIABHBIMU OCSMH YIIPYTrOCTH, COBIAAAIONIIMHA C BEKTOPAMU M, N U V,
npepcrasnenue (1.1) ocraercs BepHbIM. Bee ke, s 1eseil HaCTOAIIEro aHaln3a, KOTOPBIi
BKJIIOUaeT B ce0s1 Oosee 06U K1ace MaTepuasoB, IPUHAIEXKAIIUX MOHOKIIMHHOM CUCTEME,
npepcrasnenue (1.1) OyaeT MogupUIIPOBAHO CIEAYIOMUM 00pa3oM

ir(B,x +nx-ct)
e (Vic = @+ By @.1)

U (x) = M(Cye_y 0l + Cpui)e
e

o® = sh(irax), o = ch(irox): oy = ~((Eq—pd)/Gy— (F/GYH) Y,

Bk = —F /Gy

4.2)

ITapametpsr E,, Fy, G, onpenensitorest popmynamu (3.1). BupHo, 9TO O — REACTBUTENBHBIN
W MHAMBIiT TapaMeTp, B 3aBUCHMOCTH OT 3HaYeHUsE (pa30BOI CKOPOCTH, a [3) — ACHCTBUTEIb-
HBIIl MapaMeTp, He 3aBUCSIIHIA OT C.

[IpunnMas Bo BHIMaHue TpeficTaBieHne (4.1), COOTBETCTBYIOIINE TOBEPXHOCTHBIE YCHITUS
Ha IUIOCKOCTH V - X = X' 3aIMIleM B BUfe

N o 2 1 1
t(X) = '[(ak(GkU(k )+ BkU(k )) + ka(k ))C2k—l+

1 2 2
+ (a(a Y + B o) + b u?)Cyre

ir(Bex +nk—ct) “.3)

IIpeononcernue 4.1. IloBepxHOCTHBIE Yerins (4.3) KOJUIMHEApHBI BEKTOPY M.

Loxazameabcmeo aHaIOTUYHO AOKA3aTENbCTBY MPEAIOXKEHNUs 3.2.

[IpuHrMas Bo BHEMaHue npeacraBieHne (4.3) u ToT ¢akr, uro b, =0 u y = o, (B, = 0) ans
OPTOTPOIHOTO MaTepraa ¢ OCSIMH YIIPYTOll CHKMMETPHH, COBIAAAIOIINMI C BEKTOPaMH M, N 1
V, OJIyYaeM cIefyoliee BbIpaskeHUe 1715l TOBEPXHOCTHBIX YCHIIUI:

. . 2 1)y ir(n -
t(X) = |rykak(c2k—1u(k)+C2kU(k ))e”(n Y, O = Yx 4.4

Kpamnwie kopnu. Ilpencrasnenne (4.1) pist BoH JIsBa B cli0e CTAHOBUTCSI HEBEPHBIM, KOT-
na B ypasHeHHn Kpucroddens nosBnsroTcss KpaTHble KOPHH, YTO ITPOUCXOANT, KOTfa Iapa-
MeTp 0Oy, ONpEAENsieMblIil TPETHIM COOTHOIIIEHUEM (4.2), 00palaeTcs B HyJIb.

Ilpedaoncenue 4.2.A. ®a3oBasi CKOPOCTh, IPU KOTOPOH MOSBIISIOTCS KPaTHbIE KOPHH, OII-
penensieTcs: BRIpaKeHUEM

- 2
¢ = (P (E—Fi/Gy) 45)
B. CootsercrByrommit mapameTtp Kpucroddemnst (HeoOX0amMo IeiCTBUTENBHBII) IMEET BUJ
Y = FJG, (4.6)

B. OTBeuaromye KpaTHbIM KOPHSIM IPEJICTABIEHNS OISl IEPEMEIIEHUI M COOTBETCTBYIO-
IIX TOBEPXHOCTHBIX YCHJIUH Ha MIIOCKOCTH V - X = X, IMEIOT BUJL

ir(yx +nk—ct)

u(x) = m(Cy_, +iexCye 4.7)

ir(yx +nk—ct) (4 8)

t(X) = 1(a(VkCor_1 + (L +iry, X)Cy) + b (Cy_; +irxXCyy))re
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Lokazameavcmeo. Yactu yTBepkaeHns A u b BbITeKaloT U3 ycioBusi OOpalleHusl B HYJIb
AMCKpUMMHAHTA B IpaBoi yacTu paBeHcTBa (3.2). [IpeacraBnenust B cooTBETCTBYIOT 00IIEMY
peleHnto ypaBHeHus (2.4) B cilydae KpaTHBIX KOpHEH; cM. Takxke [15-17].

IIpedaoxcenue 4.3. IloBepxHOCTHBIE yeuus (4.8) KOJITMHEAPHBI BEKTOPY M.

Hokasamenbcmeo aHATIOTMYHO TOKA3aTEILCTBY NMPeIoXeHus 3.2.

5. Momudumuposannsni MIIM. [lepeoamoutvie mampuiypl. B COOTBETCTBUHM C MIPEJIIOKe-
HusiMA 4.1 1 4.2 cKaJSIpHBIC aMIUTUTYbI IEPEMEILCHII W TOBEPXHOCTHBIX YCUITHI B K-M ci10e
Ha IJIOCKOCTH V - X = X MOTYT OBbITh IPEICTABICHbI B BUJE

u (X))l _ M (% Co_1
=M (X)
t (X) “ Cox

e—ir(n X —ct)

e—ir(n D(—ct)‘

D U(X) = |u(x) (X)) =]t (%) 5.1)

rae U (X), t(X) — cooTBeTCTBYIOImME CKAISIpHbIE aMIIATYAbI, M, — (2 X 2)-maTpuna. [Ipunn-
Masi BO BHUMaHue BeIpaxkeHus (4.1)—(4.3), (4.5), (4.6) u BBops o603Hayenne H, = m - b, ame-
MEHTBI MaTpuLbl M, 3anuieM B BHfiE:

B CJly4ae MPOCThIX KOPHEH

1) _IrBXx . 31 | | irBx
My = e, Moy = i(G(o ™ + By + Hwyre™ 1= 1,2 (52)
B Clly4yae KpaTHbIX KOpHEN
_ o ryx Loy
My = € ', Mlz(k).— |Irxe “ N 53)
_ . iTyyX _ . . \ L iry,x
Moy = (VG t Hre ™, My = i((1+iry X)G+irxHyre

3ameTnM, 4TO B COOTBETCTBHH C MOCIICAHUM BhIpaskeHneM (4.2) mapaMeTp [3 B COOTHOIIIE-
HusIX (5.2) He 3aBUCHUT OT (pa30BOIl CKOPOCTH C.

IIpeoaoicernue 5.1. BHe 3aBUCHMOCTH OT KpaTHOCTH KOpHei MaTpuiibl My He BBIPOXK/CHBI
TIPH JTIOOBIX JICACTBATEIBHBIX X.

Jlokazameabcmso. 3aMeTHM, YTO 9KCIOHEHIMAILHbIE MHOXKHUTEH B COOTHOIIEHUX (5.2),
(5.3) oTMYHBI OT HYJS MpU JIOOBIX X; flajee HEMOCPEACTBEHHbBIN aHaIN3 MOKa3bIBAET, YTO
MaTpHIbI ¢ aeMeHTamu (5.2), (5.3) He BBIPOXK/IEHBI IPH JFOOBIX X' (OIpeAenuTeNb MATPULBI C

irBx

aneMeHTami (5.2) pasen -0, G, e ¢ 0 # 0, TOCKOJIbKY KOPHHU ITPOCTbIE; ONMPEAEIUTENDb Ma-

TpUIBI ¢ 37IeMeHTaMi (5.3) paBeH er”ykx ).

Teneps, ucnons3ys MaTpulbl My, HepeMeleHns 1 MOBEPXHOCTHbIE YCUINS HA TIOBEPXHOC-
TH paspjena Mexpay N-M CJI0eM U TTOYIPOCTPAHCTBOM MOXKHO NIPEJCTaBUTh B TEPMHUHAX TOJb-
Ko ko3¢ppunuentos C, u C,

u.(-h o’ - 0 C
"= B (M0 M) I (hy) | < (54)
to(—hp) (I 0 2
rae 2h, (K= 1, ..., N) — TOMIIMHBI COOTBETCTBYIOLINX CIOEB.

I'panuunvie ycaosusa Ha eHewneli nogepxrocmu. Boipaxkenus (4.3), (4.8) HO3BOJSIOT 3amu-
caTh YCJIOBUSI OTCYTCTBHSI KacaTeJbHBIX HANpPSDKEHWII Ha BHEIIHEH IOBEPXHOCTH IIEPBOTO
CIIOSI B BHJIC

t;(h) =B1(h) OC = 0; Bi(hy) = (Xy(hy), Yi(hy)), C = (Cy, Cyp) (5.5)

roe tl — COOTBETCTBYIOIAs CKaJIsIpHAsl aMIUIATYNld, 30€Ch U 1aJIe€ BEJININHBI C TI/IJII)lIOﬁ O3Ha-
HaroT IBYMCPHBIE BEKTOPLI.
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BBojgs 0603HaueHUS

w = sh(irashy), w? = ch(irashy), Hy=mOv-Cy -1 m (5.6)
HOJIy'-II/IMI
B CJIy4yae OpOCThIX KOPHE
2 1 1)y. _irp;h
Xy(hy) = (Gy(aywi® +Bywi?) + HywiV)ire ™, .
(2) irB;h; )

1 2.
(G1(01W(1)+B1W1 )+ H1W(1 ))”’e

Y1(hy)
B ClIyJae KpaTHBIX KOpHEil
Xy(hy) = (y1Gy+ Hyire "™ Yy(hy) = ((L+iry;h)G, +irhH)ire™™  (5.8)

Ypasrenus (5.1) MO3BONSIOT BBIPA3UTh (C TOYHOCTBIO A0 MHOXKUTENS) K03(uiueHTs! C,
u C, B Bujie pelleHust CIeyIOIero ypaBHEeHUsL:

Ti(hy) xC = 0; Ta(hy) = (=Yy(hy), Xy(hy)) (5.9

BunHo, uto aByMepHbIe BekToph! T () 1 C KommHeapHsI.
I'panuunbvie ycaosun Ha nosepxHocmu pasoeaa N-ii caoi — noaynpocmpancmeo. I'pannd-
HBIE YCJIOBHSI HAa COOTBETCTBYIOIIEH NOBEPXHOCTH pa3fieiia MOTYT ObITh IPEICTABIICHBI B BUJIE

Vn(=hy) DWs+1(0) = 0 (5.10)
e
\7n(_hn) = (un(_hn)ltn(_hn))y Wn+1(0) = (_tn+1(o)v un+1(0));

) (5.11)
the1(0) = [t 1(0)™ ")

(Bexrop t,,, ,(0) onpenenen no popmyne(3.6)).
ITpunnMas Bo BHEMaHKe cooTHoMeHus (5.11), Bunum, uto ypasHeHue (5.10) BbIpaskaeT co-

6011 KOJIITMHEAPHOCTh BEKTOPOB Vi 1 (U, (0), t,, (0), mocnenHee 3KBUBANIEHTHO YCIOBUIO

KOJTMHEAPHOCTH MEPEMEIICHAN U YCUIIAI TIPH TIEpeXofie Yepe3 HOBEPXHOCTH pa3fiesia KOMIIO-
HeHT. I1pn 3ammcu Broporo cootHomeHus (5.11) npepnosnaraercsi, YTo B JJOKAIbHOM CHCTEME
KOOPMIWHAT JJIsI HOIYIPOCTPAHCTBA TIOCKOCTh pasfielia 3aJjaeTcsl ypaBHEHUEM V - X = (.

Paspewarowee ypasuenue oan 6oan Jlssa. Ilpunumasi Bo BHUMaHue cCOOTHOIIEHUs (5.4),
(5.9), (5.10) u BrOpOE cooTHomIeHUE (5.11), 0O BEAUHEHHOE ypaBHEHNE MOAU(UIMPOBAHHOTO
MIIM MOXHO IpefCTaBUTh B BUJIE

Y (O)EHEHM(h)l:l\/l_l(h)%[lvl(h)gﬂf(h)—o (5.12)
n+1 EDJ]Z k k k k[| 1 1[| 1 .

DTO UCKOMOE pa3pellarolee ypaBHeHUE AJid BOMH JIgBa.

Paspewarouiee ypastieHue 041 20pU30OHMANLHO NOAAPUIOBAHHBIX COBUZOBbIX BOAH 6 CAO-
ucmoix naacmurax. [Tomyunm paspenaroriee ypaBHeHHE ISl TOPU3OHTAIIBHO TOJSPU30BaH-
HBIX CABUTOBBIX BOJIH B INTACTHHE, COCTOsIIEN U3 N cioeB (N> 1). BHeniHre NOBEpXHOCTH M1a-
CTHHBI MIPEAIOIATatoTCs TMO0 CBOOOAHBIMA OT OBEPXHOCTHBIX YCIIIN, TUOO 3aIieMIICHHBI-
MU, THOO0 Ha HUX CTaBSITCS CMEIIIaHHbIE IPAaHUYHbIE YCIIOBUS (OIHA U3 TOBEPXHOCTEN CBOOOHA
OT YCUJINH, a pyras 3allleMJICHa).
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1°. HJIH CJIOHUCTOM INIAaCTHHLI CO CBOGOJIH])IMI/I BHCHIHUMHU ITOBEPXHOCTSAMU 'PAHNYIHBIC YCIIO-
BUA UMCIOT BUJL

t,(hy) =v T, Mu = 0, t,(-h,)=vIC,Du =0 (5.13)

Ilo anmanormm ¢ mpeppIAyIIAM, TpEMEHEeHNe MopudpupoBanHoro MIIM nosBossieT momy-
YUTH pa3pemaroniee ypaBHeHNE B BUJE

~ - _ -t L, O
To(-hy) (N, OTa(hy) = 0, N, = M (hy) "B M) IMiC (D EM (=)

Y (5.14)

T1 = (=Yy(h), Xo(hy),  Ta(=hy) = (Xa(=hy), Ya(=hy))

KowmmorenTs X, Y, (K= 1, n) onpenenstorcs mo popmymnam (5.7), (5.8).
2°. 17151 CITOMCTOM TTACTUHBI C 3aIIeMIICHHBIMYA BHEIITHUMHU TOBEPXHOCTSIMU TPaHUYHBIE YC-
JIOBUSI UMEIOT BUJT

u,;(hy) =0, uy(-h,) =0 (5.15)
[Ipumenenne mogugunupoBanHoro MIIM gaeT ciefyrolee pa3peliaroniee ypaBHeHHAE:

Dn(-hy) DN, DD1(hy) = 0; Da(hy) = (-Uy(hy), Sy(hy)), Du(=hy) = S(=hy), U(-hy)  (5.16)

1 2 . .
S(xh) = iw(k ), U (xhy = W(k ) B cllydae mpocThIX KopHeit; S(xhy) = 1, U(zh,) = %irh, B ciy-
yae KpaTHbIX KOpHeH. 37ech ucnonb3oBaHbl cooTHomenus (4.1), (4.7) u o6o3navenus (5.6),
napameTp Oy oIpefeieH TpeTbel hopmyoii (4.2).
3°. [I;1s1 cIOUCTOMN MITaCTUHBI, BEPXHSISL IOBEPXHOCTh KOTOPOI CBOOO/IHA, @ HUXKHSIS 3alEM-
JIeHa, TPAHNYHBIC YCIOBUS NIMCIOT BHT

ty(hy) = 0, u,(-h,) =0 (5.17)
Pa3pema101uee ypaBHeHHe HUMECT BUJ]
Dn(-h,) N, OT1(h;) = 0 (5.18)

Mopudurkaiys 3TOro ypaBHEHUs [JIsl caydasi, KOrjja BepXHss MOBEPXHOCTh 3allleMJIeHa, a
HIDKHSS CBOOOJIHA, OYEBHIHA.

3ameuanue 5.1. Pazpemaromme ypapHeHns (5.12), (5.14), (5.16) n (5.18) MoryT paccMaTpuBaThCs, KaKk
HesIBHbIE YPaBHEHUs] OTHOCUTENILHO BOJIHOBOI'O uncla I mpu huKcupoBaHHOH ¢a3zoBoit yacrore . Mc-
MOJIB3Ysl B 3TUX YPABHEHMSIX COOTHOLIEHNE I = W/C, MOXKHO TIONYYHUTh (BOOOIIE TOBOPS, HESIBHOE) JIHC-
NIEPCHOHHOE ypaBHEHNE, BhIpakalolllee 3aBUCHMOCTh (Da30BOH 9aCTOTHI OT (pa30BOi CKOPOCTH.

6. Hekoropsle ananuTHueckne pemenusi. OOuH OpmomponHblii cAoll Ha OPMOMPONHOM
noaynpocmparcmee. I1ycTb BEKTOPBI V, N, 1 M COBNAJAOT C ITIaBHLIMUA OCAMHU YIIPYTOCTH
CII0s1 ¥ oJTyIpocTpaHceTBa. [lnst aToro ciydyas napameTpsl Kpucroddens mpuHuMaroT Bup

Ve = (D) [(E—pcdicd k=12 ©.1)

3peck u janee B 3TOM pasfese HHACKC 1 OTHOCUTCA K CIIO0, MHAEKC 2 — K TOIYIIPOCTPAHCTBY.

3ameuanue 6.1. A. Beipaskenue (6.1) pu K = 1 mokasbIBaeT, 4TO KpaTHbIE KOPHH XapaKTePHCTUYEC-
KOTO ypaBHEHHSI [JIs CIIOSt MOTYT BO3HUKATh, TONBKO eclii (pa30Basi CKOPOCTb COBHAIAET CO CKOPOCTBIO
NIOTEPEYHOI 00 BEMHOIT BOJIHBI, PACHPOCTPAHSIOIIEHCS B HAIIPABJICHUH N U NIOJSPU30BAHHOI B HAIIpaB-
JICHUU BEKTOpA m.

B. HecMmoTpst Ha TO, UTO HEKOTOPBIE AaHATUTHYECKHE PE3YIIbTATEI AJIsI OPTOTPOITHOTO CIIOSI, JIeXKaIle-
IO Ha OPTOTPOIIHOM IOJIYIIPOCTPAHCTBE, U3BECTHBI [2], COOTBETCTBYIOIIEE SIBHOE AUCIEPCHOHHOE ypaB-
HEHHUE MOTYyYEHO HE OBIIO.
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CkanspHasl aMIUTUTYla HOBEPXHOCTHBIX YCHIIMIA, ONpPEAENsieMbIX MocieqHell popmymoi
(5.1) mpu k=1, Ha IIOCKOCTH V - X = X' B CJIO€ UMEET BHJI

t;(X) = iry,(Csch(iry;x) + C,sh(iry;x)) B ciayuae mpocThIX KOpHEi 6.2)
t; = irG,C, B ciryuae KpaTHBIX KOpHEll (6.3)

CkansipHas aMIUIMTyfla IIOBEPXHOCTHBIX YCUIUIA, ONpefeNseMblX HocienHeil dpopmyioi
(5.1) mpu k = 2, peitcTByronmx Ha mockocTr X = 0 B IOMYIPOCTPaHCTBE, MIMEET BUA

t5(0)|y %= o = iry,G,Cs 6.4)

Ilpedaoxcenue 6.1. He cymectByer BomH JIsBa, pacmpoCTpaHSIOMMXCI B OPTOTPOITHOM
CJIO€ Ha OPTOTPOITHOM IOJIYIIPOCTPAHCTBE, KOIra B ypaBHeHun Kpucrodders ans cnost Bo3-
HUKAIOT KpaTHbIE KOPHH.

Hokaszameavcmeo. Boipaxkenust (4.5), (6.1) moka3bpIBaIoT, YTO KPATHBII KOPEHb Y, HEOOXO-
AMMO HYJEBOM. [I71s1 3TOro ciy4dast UMEEM

C,=0, C;=0, C =0 (6.5)

IlepBoe paBeHCTBO cliefiyeT U3 YCIOBHS OTCYTCTBHS IIOBEPXHOCTHBIX yeriuit (5.8), (5.9) u BbI-
pakenus (6.3), BTopoe — U3 yCIOBHI Ha MOBepXHOCTH pasfaena (5.10), Beipakennit (6.4) u mep-
BOro paBeHcTBa (6.5), mociegHee — U3 BTOPOTO paBeHCTBa (6.5), 00ecneunBaroIero OTcyTCT-
BHUE NepeMEIEHUI Ha OBEPXHOCTH pa3fena.

HckmrounB KpaTHbIE KOPHH, OOPaTHMCH K CIIyYaro MPOCThIX KOopHe. [IpuMeHeHne COOTHO-
meHui (5.2) K OpTOTPOIHOMY CJIOIO AaeT

sh(iry;Xx) ch(iry,x)

M. (X) = (6.6)

iry;G,ch(iry,;x) iry;G;sh(iry,x)

C TOYHOCTBIO 10 CKAJISIPHOTO MHOKUTEIIS i1'Y; G, BEKTOPEI, OIpefielieHHbIe BTOPOi (hopMyIIoit
(5.9) u BTOpOI popMy0ii (5.11), MOKHO ITPEACTABUTH B BUJE:!

Ti(hy) = (=sh(iry;hy), ch(iryshy)), Wa = (<iry,G, 1) 6.7)
IToxcranoBka BelpaxkeHnuii (6.6), (6.7) B ypaBHeHue (5.12) mocie npeobpa3oBaHuil faeT
C . Y26,
w = ——(arctg(il,y) +nm), n=20,1,2,...; (, = === (6.8)
2y1h1( g( 21) ) 21 y1G1

Ipedaoxcenue 6.2. A. B paccMaTpuBaeMoOM ciydae BOJHBI JIsiBa MOTYT pacpOCTPaHATHCS
T T T
TOrJa U TOJIBKO TOrfa, Korga (pa3oBas CKOPOCTb JIEXKUT B AuamnazoHe (C;, C,) rme C, =

= JE /Py (K= 1, 2) — cKOPOCTU COOTBETCTBYIOIINX CIBUTOBBIX OOBEMHBIX BOJH C BEKTOPOM

MONpU3aluy M (1711 3TOTO AUana3oHa Bce KOpHU ypaBHeHus1 Kpucroggens — npoctsle).
b. Ilpu ¢pukcnpoBaHHOI YacTOTE W CyLIECTBYET He Oosee YeM KOHeUHOe 4nucio BoiH JIs-

T T
Ba, PacCIPOCTPAHSIOIINXCS € pa3IMYHbIME (pa30BbIMU cKOpocTsiMu C U (Cq , C, ).

. T T
B. Ilpu ¢uxcupoBanHoii ckopoctu C U (C; , C, ) CylIecTByeT C4eTHOE MHOXKECTBO BOJIH JIs-
Ba, PACIPOCTPAHSIOIMXCS C pa3IMYHbIMU YaCTOTaMHU (.

T T . .
Hokaszameavcmeo IIpenrnonoxnmM, 4to €, < C, (AMANa3oOH CKOPOCTEH HEMYCTOM). AHANN3

BbIpaxKeHus (6.8) mokaspIBaeT, 4To npu C [ (CI, 012-) cornacHo ¢opmyne (6.1), mapamerp
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Kpucroddens y; — feiicTBUTENBHBIN 1 OTPULATENBHBIN, TOrAAa KaK HapaMeTp Y, — MHIUMBIA C
OTpULIATENBbHON MHIMOIT yacThto. IToficTaBisisi BeIpaskeHus Ais Y, Y, B opmyay (6.8), momy-

o T
qacM MOJIOKUTEIIbHBIC 3HAUYCHUSA q)a301301/1 YacTOThI . Hpennonaraﬂ TEINEepPhb, 4TO C < Cl , IO-

TIyIAM

C
W = —=——arth|{y|
1
2|y4/hy
T.e. W< 0, yTo He BO3MOKHO. HacTh A mokazana. OcrajbHbIE YaCTH YTBEP3K/IEHUST BLITEKAIOT
HEIMOCPEJCTBEHHO U3 BhIpaxkeHus (6.8).

T T
Caeocmeue 6.1. B paccmaTpuBaeMoM cilydae He cyllecTBYeT BoiH JIsiBa, ecinu C; > C, .

Lea opmomponHvix cA0a HA OPMOMPONRHOM ROAYRpOCMparHcmee (npocmvle KopHu). B
JONOJIHEHNE K UMEIOIINMCS BBeIeM 0003HAUYEHUS

_ Y«Gx

=—, k!l =123
W VG

&k = 2ryyhy,

Mupexcol 1 1 2 OTHOCATCS K CIIOSIM, @ HHAEKC 3 — K monynpocTpaHcTy. [loayunm BbIpaskeHue
JJI IPOU3BECHNUS IEPEeAaTOUYHBIX MATPHUI]

-1 A a
M, (=hy) M, (hy) IM 4 (hy) = T2 (6.9)
8y 8y
. & . 3 & . &
a, = i %osizan—2—1+zlzsmizcos—2—1%, a, = cosEzcosgl—lesmEzsn—zé
a,, =—iry,G ETsinE sinz—l—z cos¢g cosE—]D a,, =ry,G ETL)inE cos§—1+z cos¢g sing—1D
21 222 2 2 12 2 2[|’ 22 222 2 2 12 2 2|:|

Bripaxenus aig BekTopoB T1 1 W3 ocratorcest Temu ke, 4To (6.7), HO C OUEBUIHBIM U3Me-

HeHueM uHfekcoB. [lopcTanoBka BbipaxkeHuii (6.9) B ypaBHenue (5.12) maeT paspelaroiiee
ypaBHeHI/Ie B BUJIC

Sing,(cosg ; +103,(1,5N& ) — c0SE,(i{5,C08E; —L4,8NE;) = 0 (6.10)

B otnuuue ot npegpigyiero ciaydas ypasaeHue (6.10), BooO1ie roBopsl, HEpa3pelnmMo OT-
HOCHUTEIHHO (pa30BOM YaCTOTHI (.

Lea opmomponHuIX NOAYNpOCMPAHCIEA ¢ OPMOMPONHLIM CA0eM MmexcOy Humu. TTpuHu-
Mas BO BHMMaHue cieficTBue 3.1 u3 npepnoxenud 3.1, 3akiarodaeM, 4To Ciry4yail, IPUBOASIIII
K KpaTHBIM KOPHSIM JISI TOJTYIIPOCTPAHCTB, TOJLKEH ObITh NCKIIFOUEH U3 paccMOTpeHns. B To
K€ BpeMsl, B COOTBETCTBHH C 3aMeuaHneM 6.1.A, KpaTHble KOpHHU B ypaBHeHIH Kpuctoddens
A7l OPTOTPOIHOI'O CJIOSI BO3HUKAIOT B TOM M TOJILKO TOM cllydae, Korja (pazoBasi CKOPOCTb
COBIAJaeT CO CKOPOCTHIO MOINEPEYHON OObEMHON BOJHBI, 1 COOTBETCTBYIOIIMH ITapaMeTp
Kpucroddens y, craHoBurca HyleBbIM. [laniee, B pe3ylbTaTe pacCy>KJ€HUl, aHATOTUYHbIX
UCTIOJIb30BAaHHBIM IIPU I0Ka3aTeJIbCTBE NPesIoXKeHus 6.1, IPUXOAUM K CIEAYIOIIEMY YTBEPK-
JEHHUIO.

IIpeoaoncerue 6.3. He cymectByeT BonH JIsiBa B cucteMe, 00pa30BaHHOMN ABYMsI OPTOTPOII-
HBIMHU MOJIYIPOCTPAHCTBAMU U OPTOTPOIHBIM CIIOEM MEXKAY HUMH, €Clii B ypaBHeHUn Kpuc-
To(hpenst A cost NOSBISIETCS KPAaTHBIN KOPEHb.
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HckimounB KpaTHbIE KOPHU, PACCMOTPHM CITydail HPOCTHIX KOpHeH B ypaBHeHnn Kpucrod-
ens pis cnost. I[pegnonoxeHue o TOM, YTO B 0O0UX HOJIYIPOCTPAHCTBAX BOJIHA 3aTyXaeT MO
IJyOKHe, 3aCTaBIsIET Pa3bICKUBATh PELIEHUE NPU (Pa30BbIX CKOPOCTSIX, YAOBIETBOPSIOLINUX
HEPABEHCTBY

c< min(cI, c;) (6.11)

T T
rae, Cl . C3 — CKOpPOCTHU 00 BEMHBIX TOPU3OHTAJIBHO NMOJIIPU30BAHHBIX MONEPEYHBIX BOJIH,

PacpOCTPaHSIONMXCA B COOTBETCTBYIOIIUX MOJIYIPOCTPAHCTBAX B HANPABJICHUN BEKTOPA
n. Ycnosue (6.11) obecneunBaeT OTiInYNe OT HYJIS MHAMBIX 4acTeil napaMeTpos Kpucrod-
dbens v, Vs

3ameqarnue 6.2. 3aTyxaHue 10 riIyONHE B “BepXHEM™ MOJIYIPOCTPaHCTBE (Korjga X — +)
o0ecreunBaeTcsi BLIGOPOM Y, € HOJIOXKUATENBHOA MHUMOM 4acThIO.

Iepexops B ypaBueruu (6.10) k npegeny h;, — o u yaursiBast 3amedanue 6.2, mojaydaeM uc-
KOMO€ IUCTIEPCHOHHOE COOTHOIICHUE B BUJIE:

c Zsz—zum
W= —ctgd———=——=+nT5, n=m, m+1 m+2 .. 6.12
2V2h2%r gBl—ZHQp T% ( )

ITapameTp M oGecneynBaeT NONOXKUTENBLHOCTh YaCTOT (), HUXKE OH OyIET ONPEAEsIEH SIBHO.
OuenprHo, uTO 1pH {;, = 0 (BaKyyM) IUCIEPCUOHHOE COOTHOIICHHE (6.12) IepexoguT B cOOT-
HomieHue (6.8).

Ilpedaoxcenue 6.4. A. B paccmaTpruBaeMoii ciucteMe BoiiHa JIsiBa MOXKET pacpOCTpaHATHCS
B TOM H TOJIKO TOM CJIydae, Korja

cd (c;, min(cI, C;)) (6.13)

b. I1pn pukcnpoBaHHOI YacTOTE W CyHIECTBYET He Oolee YeM KOHEUHOe YHucio BouH JIs-
Ba, PacHpOCTPAHSIOIINXCS C PA3INYHBIMU CKOPOCTSIMH B inanaszone (6.13).

B. Ilpu ¢ukcnpoBanHoit pa3oBoit ckopocTH B Ananaszone (6.13) (mpu ycioBuy, 4TO OH He-
IyCTOI1) CYIIECTBYET CYETHOE YKUCIIO BOMH JIsiBa, pacpoCTpaHsIONIUXCS C Pa3InIHBIMY YacTO-
TaMi .

.. T T
Hoxasameavcmeo. Ecin C > min(Cy , C3 ), To BonHa JIsBa HE MOXET pacIpOCTPaHAThHCS,

MTOCKOJIBKY HE BBINONIHSAETCS YCIOBUE 3aTyXaHus B MosTynpocrpadcTeax. [Ipenonoxkum, 4To C

. T T T
< 1’1’11[1( Cl , C2 5 C3 ), TOr[A BCE ITapaMETPhbI Y, OKa3bIBAIOTCA YUCTO MHAMBIMMU:

Y1 = Hilyal, Y2 = #ilyy, vs = H|vg (6.14)

ITpu BBIOOpE 3HAKOB YUTEHO 3aMeuaHue 6.2. BeieM 0603HaueHUs

N, = [Caal *|Caa)
5 1 (0g|ly

IMopcranoBka 3Hauenuii (6.14) B Boipaxkenue (6.12) qaet

C

W= ——
2|y,lh;

arthn, (6.15)

Ho IIpA 3TOM OKa3bIBAETCH, YTO W < 0, YTO HEBO3MO2KHO.
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Ocraetcst moKasaTh, YTO MpHU (pa30BOU CKOpPOCTH B pmana3oHe (6.13) cooTBeTcTByrOIAs
YacToTa W MOJIOKUTENbHA. [IJIs1 3TOro Auana3oHa napaMeTpsl Y, U Y, YIOBIETBOPSIOT COOT-
BETCTBEHHO MEPBOMY U TPETheMy COOTHOILIeHUsM (6.14), a Y, = |V,|. AHAIOrHYHO IPEnbIAY-
1eMy HOoJy4aeM

C

W= =
2|y,lh,

(arctgn_+nm), n=mm+1m+2, .. (6.16)

HeJIO‘iPICJIeHHI:IfI napaMeTp m onpenessaeTes n3 yCJioBus
m = —entier(n_larctgr]_) (6.17)

06€CHe‘II/IBaIOH16I‘O MOJIOKUTEIBHOCTE W. YacTh A JOKa3aHa.

Joxa3zarenbcTBO yacteil b u B yTBEpXKeHUsI BBITEKAET HENOCPEACTBEHHO U3 COOTHOLIE-
Hus (6.16).

T . T T
Caeocmeue 6.1. Bonna JIsBa He MOXET pacIpOCTPaHThCs, ecnu C, >min(Cq , Cg ).
3ameuarue 6.3. [lomydeHHbIE B pa3f. 6 pe3yIbTaThl MOTYT CIIY3KUTh OO BSICHCHUEM TIOSIBIICHUSI BBICO-

KOYAaCTOTHOT'O BOJIHOBOJA /JIs BOJIH C MONEPEYHOI TOPU30OHTANIBHON MOJSIPU3ALUEN, PaCIPOCTPaHsIO-

LUXCSl B CUCTEME, NIPEACTABIISIIONIECH cOO0H OPTOTPOIHBII CJIOA MEX/Y OPTOTPOIHBIMU IOJIYIPOCTPaH-
CTBaMIL.

ABTOp Garopaput 3a nopuepxkky Y. Maiirpe u U. [Ixxepan-Maiirpe (Ppanius).
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